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Novel Perturbation Expansion
for the Langevin Equation
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We discuss the randomly driven system dx/dr= —W(x)+ f(t), where f(t) is a
Gaussian random function or stirring force with {f{¢) f(¢'})> =26(z—¢'), and
W(x) is of the form gx!*?. The parameter § is a measure of the nonlinearity
of the equation. We show how to obtain the correlation functions {x(¢) x(¢')---
x(t(n))>, as a power series in 6. We obtain three terms in the é expansion and
show how to use Padé approximants to analytically continue the answer in the
variable §. By using scaling relations, we show how to get a uniform approxima-
tion to the equal-time correlation functions valid for all g and 6.

KEY WORDS: Langevin equation; delta expansion; nonlinear; perturbation
expansion; scaling relations.

1. INTRODUCTION

Recently a new perturbative technique, the J expansion, was proposed to
solve nonlinear problems in physics.® The technique involves replacing,

in a differential equation, nonlinear terms such as x* by x'*?* and
expanding this term in powers of J:
& ., 0nx
1 +25 __ Z ) (11 )

We are thus able to obtain a solution to the differential equation as a
power series in 0. The parameter ¢ is a measure of the nonlinearity of the
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theory. When 6 =0 the theory is linear and typically can be solved in
closed form. As & increases from zero, the nonlinearity turns on smoothly.
Typically the & series has a finite radius of convergence. Since we are
interested in d=1, 2, etc., we need a way of analytically continuing the
series obtained to large 6. To do this, we will employ Padé approximants.¥
The first nontrivial Padé approximant, the [1,1] Padé, requires
calculating terms up to order 6% in this expansion. We will also utilize a
scaling argument to obtain the correct functional dependence of the
correlation functions on the coupling constant g for ail values of 6.
In this paper we will be studying the one-dimensional Langevin
equation
dx 1+26
2 = W)+, Wlx)=gx (1.2)
[For this equation to be well defined for arbitrary 6 and negative x we
interpret W as follows: W(x) = gx(x?)°.]
The stirring force f(¢) is a random function described by Gaussian
statistics, i.e., it is described by a joint probability functional

1 peo
P[f]zNexp[—EJ drdt’ f(1) S(u, t’)f(z"):l (1.3}

%
with
| PLr19r=1
Choosing white noise,
SNt t')y=28(1—1")

we have that

S f(E)> =J 2f PLAYS() fl)=8"" (1, 1)=250t—1)  (14)

where 2f denotes functional integration.

There are two ways to determine the correlations in x(¢) resulting
from the statistics of the forcing term. One way is to solve directly for x(¢)
in terms of f(¢) and then use (1.4). The other is to make a change of
variables in the functional integral (1.4) to obtain a path integral in the
variable x(¢). One has>®

, 1)
Cx(0) x(1)>, = | Bf PLIYx(0) x() = [ () PLAG) T x(1) x(1) dt %i

(1.5)
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Because of the retarded boundary conditions, one has that®

Sf 1 (= SW(x(1))
S;‘=exp|:——-J ———dt:l (1.6)

t
de 24, " ax(r)

Thus, using (1.2) and integrating by parts, we obtain the following
functional integral for the two-point correlation function®:

(1) x(1)y, = [ [2x()] x(0) x(t') exp{ — S[x]} (17)
where
S[x] =j°o B (x)2+% Wz—é W’J dt (1.8)

We recognize this functional integral as the Euclidean path integral for a
supersymmetric quantum mechanical system”’ when t,= —oo. Thus when
t, = co with |t —¢'| held fixed the correlation function (1.7) becomes that
for the related quantum mechanical system.

The equal-time correlation functions for this system at large times,
t> 1y, can be obtained directly from the time-independent solution of the
related Fokker-Planck equation.®® If we define

P(z) = (0(z—x(1))), (1.9)
then we can show that P obeys the following equation:
oP 0 ~ 0°p
D= W P+ 55 () (1.10)

and that in the steady state

P(x):Nexp[—f W(y)dy} (1.11)

and

f=., dx x"P(x)

(x") = <
{2, dx P(x)

(1.12)

We will use the fact that the equal-time correlation functions are
exactly determined from (1.12) to make a detailed numerical study of the
accuracy of the ¢ expansion.
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2. § EXPANSION FOR THE LANGEVIN EQUATION
For W(x)= gx! ™% the Langevin equation is

d
;’;Jr gx! 2 = (1) (2.1a)

The ¢ expansion of this equation is
—Fgx Yy ————=f(1) (2.1b)

To solve this for x(z) in a ¢ expansion, we assume that x(z) can be written
as

X =Xo+ 0x; 4+ 6%x, 4+ - (2.2)

Inserting (2.2) in (2.1b), we obtain a sequence of linear equations:

dxg

T gxo=f (2.3a)

dx, 5

—dt—+ gx;= —gx,lnxg (2.3b)

dx 1

_d;% + gx,= —2gx, — gx, In x2 ) gxo(ln x3)? (2.3¢)
and so on. [ Notice that if W(x) contains a linear term corresponding to a
nonzero mass in the quantum mechanics problem, Wi(x)= gx'*% + mx,

these equations and thus the calculation that follows are modified only
trivially. Namely, on the left-hand side of Eq.{2.3) each term gx; is
replaced by (m+ g) x; and the right-hand sides are unaltered.] We will
impose retarded boundary conditions on the Langevin equations:

x(ty)=0 (2.4)
where ¢, is the time at which the source f(¢) first turns on. Thus x(z) is
quiescent before the source term begins to operate. With this choice we

can easily integrate the first-order differential equations (2.3) using an
integrating factor to obtain:

solt)=e 7= [ dye®f(y) (252)
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x1(1)= —ge= | dy e¥xy(y)In x3(y) (2:b)
xalt)= ~ge = | dy e {2x,(y) + x,() 0 x3()

+ 5x0(»)[n x3() 1%} (2.5¢)

We see from the structure of the first three terms that the right-hand side
of the equation for x, depends only on the lower-order results and thus in
principle one can calculate all the x, by iteration.

The next step in the calculation is to determine the stochastic average
of a particular correlation function over the white noise. In this paper we
focus on the two-point correlation function to order &2,

Gy(o, 1) = {(x(0) x(1))
= {[x(0) + 6x,(0) + 6*x5(a) + ---]
x [xo(T) 4+ 6x,(t) + 62x5(t) + -~
= {xo(0) xo(7) ) + [ {x0(0) x,(7) > + {x,(0) Xo(7) > ]
+ %[ {x0(0) x2(1) » + {xa(0) x0() > + {x4(0) x4(7) > ]
+o (26)

This is the minimal calculation needed to perform analytic continuation in
o via diagonal Padé approximants. The calculation of the first two terms
of this series (up to order §) was given in a previous paper, but we will
repeat that calculation here for completeness. For simplicity we will choose
1o =0. Since we are only interested in what happens at large ¢ and ¢ with
T=|7— o] held fixed, this choice of ¢, is only a convenience.

In order to perform the stochastic averages over the white noise, one
needs a way of interpreting In(x?)” in Egs. (2.1) and (2.3). One strategy is,
for a given order of 4, to replace the logarithm in Eq. (2.1b) by a set of
polynomial interactions that give the same answer to the given order in 6.
To order 6% Eq. (2.1b) is equivalent to

d.
g0 +07) X g(—6 487 X = f 27)
in the sense that one obtains, instead of (2.3a), (2.3b), and (2.3c),
kot gx0=/ (2.82)
X1+ gx, = —gxtl 4 gx3FH! (2.8b)

Xyt gx,= —gxFt - gxf = Qo+ 1) gy xF+ (2B +1) gx xgf
(2.8¢)
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If we solve these equations and apply the operator

plfi_ oy, 1@ @ »

“2\ax a8) Ta\a TR (29)

and set o = f =0, we reproduce Egs. (2.3a), (2.3b), and (2.3c). This method
is used in refs. 1 and 2. Alternatively, one can just use the identity

a n
2y =(5)

to replace the logarithms by polynomial vertices. Both methods give the
same result. In this paper we will use the latter method.

(2.10)

a=0

2.1. Zeroth-Order Calculation
Using (1.4) and (2.5a), we have
(o) xolo)y=e 8  [ it [ ds €= A1) f(5)
0 0

eng e-—g(‘r+o)

= — (2.11)
g g
At large 7, ¢ we thus obtain the equilibrated result to zeroth order in 4,
e~ 8T
G50, 7) = {xo(1) X0(0) Deq = . (2.12)

where the subscript “eq” denotes the limit 1, 6 = oo with 7= |t —g| held
fixed.

2.2. First-Order Calculation

To calculate the contribution to the two-point correlation function to
first order in J, we need to evaluate the two correlation functions

(xo(0) x,(v)> and <{x,(a) xo(7)):

Cxolo) x(6)) = —ge ™20 [t [ ds €20+ £(5) xole) I3 (0)1)

0

(2.13)
In order to use (1.4), we rewrite the logarithm using
il (2.14)
da x=0
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Thus we obtain

(xo(0) x,(1) > = —ge 7+7 4 Ua ds r di e8! TS~ et et
do

0 0

(T[]

To evaluate the expectation value on the right-hand side of (2.15), notice
that, because of the Gaussian statistics of f, from the 2« + I factors f(z;)
and the one factor f(s) one can make (2« + 1)!! different products of pairs
of sources. Each leads to the same product of two integrals to be per-
formed. After one of the f(z,;) is paired with f(s) [there are (2a+ 1) ways
to do this], the remaining 2« f(z,) can form o pairs of f{(z;) in (2a—1)!!
ways. This is represented by the diagram in Fig. 1. We thus have

(2.15)

=0

() T | [ devepten | )= o i R ot 216)

i=1

where
Il(t,s)=ftdzegz<f(s)f(z)>:20(t—s)€gs (2.17)
1]
and
' ' 2 _ 1
L(0)= | dz | dyes=+ () f(3)> =7 (2.18)
f(s) 2+1 factors f{ z;)
aloops { [,,)

Fig. 1. Graphical representation of (2.16).
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We obtain

{x6(0) x,(1)) = —2ge ¢+ d% [(2a N j dr | dsest+9

0 J0

(eZgz _ l)oc

Xev(2a+1)gz@(t_s)egs__~:| (2.19)

(o4

x=0
Since we are only interested in the derivative at o =0, we can rewrite
e 2 (e — 1) =1—qe % + 0(«?) (2.20)

We also notice that the term proportional to ¢« in (2.20), when integrated
over ¢, will be exponentially suppressed in the equilibrated regime. Thus,

d
<X0(O’) xl(r)>eq B _2ge*g(o'+‘c) Za_

X [(20{ + 1! JT dr r ds % @(tg: S):|

= —(2g) ' e7# " [1+2¢0(c —¢) [ — 0]

a=0

xd%<———(2°‘;1)”> N (2.21)
Using

(2a+1)!!=2“%¥ (2.22)
and the Taylor expansion of the I" function for small «

Ie+a)=T(c)[1+ay(c)+ O(«?)]

we obtain

%((2&;])!!) u=0=L (2.23)
and

(Xo(0) X1(7) peq = —2£g€'g'”*”[1 +280(1—0)[t—oal]

where L =(3/2) +In(2/g). So

(xo(0) x1(0) 4 x1(0) Xo(t) Yeq = —ge*w-f*(l fgli—ol) (224)
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To order § we find®

o 1 =OL(1+gT)+ -
g

GH(o,t)=¢" (2.25)
2.3. Second-Order Calculation

At order 6% we need to calculate both {x,(¢)x,(r)> and the sym-
metrized {xo(¢) x,(t)> in the equilibrated regime. First, consider

(o) x,(2)):
Cxer(o) xy(0)y = g% 750 [ dr [ ds e300 Cxofs) In x3(s) xo1) In x3(1))

=9 aﬂgze—g(wrr)r dt Ja ds ¢~ 28+ 35)
o
o Yo

x < it [ jo e=f(z2,) dz,-]

=1

X ‘ [L: e*if(y;) d.Vj:|>

Jj=1

(2.26)

a=f=0

In the expectation value on the right-hand side of (2.26) there are
20+ 1 factors f(z;) and 2+ 1 factors f(y,;) corresponding to the lines in
Fig. 2a. We denote by S,(a, §) the Gaussian-statistics combinatoric factor
corresponding to the contractions of the sources depicted in Fig. 2b, where
2k + 1 factors f(y,) pair with 2k + 1 factors f(z;) and the remaining f(z,)

T2 a4 y2B+1

()

2k+1 lines

o - kloops - kloops

Fig. 2. Graphical representation of (2.27).

822/64/1-2-26
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and f(y;) contract in pairs among themselves. We can therefore rewrite the
expectation value using the following shorthand:

(T [[erenas] T [ emropas, |)

i=1 j=1

Z o, BILL(D TP F [s(s, N1 ()17 7% (227)
where

_[2a+1\(2f+1
Sk(a,ﬁ)—(2k+1><2k+ 1> (2k + 1)! (20— 2k — 1)1 (2f — 2k — 1)1
or

F(2+20) T2+ 2B) [a—k+1/2) [(f—k+1/2)
T2(12) T2k +2) T (2a—2k + 1) T(2f—2k + 1)

Sy, =20

(s 0= ez [ e dy () )

eZgr -1 eZg: —1

+O(t—s)
g

=0(s—1) (2.28)
and 71,(¢) is given by (2.18).

Since we are only interested in the equilibrated regime, we can neglect,
in both 7, and I, the 1 in comparison with the exponentlal Performing the
integrals, we find

S
Cor(0) 51(2) Deg = 0.2 Z Ello —rt)—:(ﬁ“—ﬁf—? em

where
2k+( 2kg|a+r|)
K= 4k(k + 1)

e 8l (2.30)

Letting R, =03,0,5S:(t, B)/g* " |,_p_o, we find that, for k=0,

L? 3 2
RO-':—g—, L:l/I<§>+ln <§) (231)
and, for k=1,
_ B(k, 3/2) 3\ _I'(k) I(3/2)
R, “ Tk where B (k, 2) = Tk132) (2.32)
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Thus,

LZ
Cx4(0) X1(1) ) eq =Eé’_g‘”""{1 +glo—rl}

& 3\ 2k + (1 — e 2kelo—=h)
4o 8le—T B (k, —) (2.33
,Z‘l 2 dgk?(k+1) )
We evaluate the right-hand side of (2.33) using
511 & ( 3>2k+(1—z)
E —_————— 2.34
283 dgeas (239
where z =¢ 21977 Define
‘EB<k —3->Z—k—F() (2.35a)
k=1 2) k- e '
fB(k 3) a Fy(z) (2.35b
— = Z .
= 2 k+1 7 )
o0 3 Zk
Z ( >k2=F3(z) (2.35¢)
Then
Fl(z)+ F(1)=F(z)— F,(1)+ F Fi(z
5, (o) PO AN =F@-F+F-FE) 0

2

The functions F,;(z) are determined in Appendix A. In particular, at equal
times (0 =1) we have

3n?
51,1(1)=T—7

Thus

(x(0) X1(1) Deq=(22) T B TILA(1 + g lo—1]) £S5 1(e ¥ 1)]
(2.37)

and

<x1(r>>§q=é(ﬁ+§j{—_7>
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Next we consider

{Xo(T) X5(0) ) = —ge & +D fr dt JU ds e+

x Cf(0{2x,(s) + x,(s) In x3(s) + 3x0(s)[In x3(s)]*} >
= (Xo(1) x5(0) D, + {xo(7) X2(0) ) + {xo(7) X5(0) >, (2.38)
First consider the “a” term in Eq. (2.38):

Cxole) xal0) o= —2ge 9 [t [ ds ex I fl0) x,(5)> (239)

Rewriting the logarithmic terms in x,(s) using (2.10), we obtain

<x0(‘c)x2(0)>a:2gze“g(”+”jrdt egfjads
0

<l (ol [[eemm])

(2.40)

Making use of (2.16) and (2.17), we perform the integrals over z, and ¢ to
obtain, in the equilibrated limit,

(xo(1) X2(0) ) eq = 28¢5 — d (Q“—tl)!)
do g

x=0

xJ dsf dr [°0(r—1) + ¥ O(1—r)]
0 [}
Performing the remaining two integrals, we have

(Xo(7) X2(0) ) sieq =§€g“’r'[1 +2g0(c —1t)(Jo — 7| +g o —1}?)]

(2.41)
SO

L o - 2 2
<xO(T)xz(0)>+<xO(0)xz(T)>a,eq=§e slrrl+glo—ti+g* lo—7l)
(2.42)

and

2{x0(0) X2(0) ) 4eq = L/
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Next we consider the “b” term in Eq. (2.38):

o) %2(0)0, = —ge™ 87+ [ [ ds o5 D f1) xy(s) I x3(s)> (243

0 0

Again rewriting the logarithmic term using (2.10), we have

(xo(1) X5(0) >, = gl 57 JT dt Jﬂ ds e®’ r dr
0

0 0

20

x 350, {e‘z”’(”“ﬂ’ (o 11| [ e efiz) |

i=1

x ZIﬁl “0 dy; egyff(yj)]>}

j=1

(2.44)

a=f=0

Taking the expectation value and using the fact that f obeys Gaussian
statistics leads to two different types of terms. First, referring to Fig. 3a,
f(t) can be contracted with any one of the f(z,), leaving 2o — 1 factors f(z,).
Then, 2k +1 pairwise contractions of the form {f(y;) f(z;)> are done

4]

y2B+1

o-k-1 2k+1 lines B-k
2 - loops y - loops

2klines

a-k B-k
z -~ loops y - loops

Fig. 3. Graphical representation of (2.47).
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leaving 2o — 2k — 2 pairwise contractions of the remaining f(z,) and 23 — 2k
pairwise contractions of the f(y,). This type of term is illustrated in Fig. 3b
and has a statistical weight given by F,, (o, §), where

20— 1 28+1
Folo, B) =20 <2Z+ 1> (2k +1)! (2&: 1) (20— 2k — 3)11 (28 — 2k — 1)!!

(2.45)

Alternatively, f(¢) can be contracted with one of the f(y;), leaving 28
factors f(y;). Then 2k pairwise contractions of the form {f(y;) f(z,)) are
done, leaving 20— 2k pairwise contractions of the f(z;,) and 28—2k
pairwise contractions of the f{ y,). This type of term is illustrated in Fig. 3c
and has a statistical weight given by F,.(a, ), where

Folo, B)=(28+1) @i) (2k)! @Z) (20— 2k — 1)1 (28 — 2k — 1)!!
(2.46)

We therefore can write

2¢ 28 +1

e (0 i [ aeonea 7 [ 070

i=1 j=1

= Y. Fulo, B) I, )LL((N 17~ [s(r, )1 71 [D(s)]* !

+ 2 Fylon B) Iy, n)[1p(r) 17 [L5(r, )17 [1x(s)1* % (247)

k=

where I, and 7, are defined in (2.18) and (2.28). Using the leading
contribution to I, and I, relevant in the equilibrated limit, we obtain

(XolT) X2(0) D p.0q = ge 757 | " ds | " dr

0 0

X { Z R, [O(t—5) o~ 25k p2grik +1)

k=0

+ @(S—‘E) eZgrefzgs(k+1)eZgr(k+1)]

©
+ Z Rzk[@(r_r)e~2g:k62gr(k+l)
k=0

+ @(r _ T) eZgrefngkQZgrk]}
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where

Fyla, p)

goc+ﬂ

Rik= aaaﬂ

(2.48)

a=f=0

Performing the integrals, we obtain

<X0(T) x2(6)>eq,b

1 © R
:Zé;e*g"’”'[l +2gl6—1O(c—1)] (EI ki"l +R1,k_0>

1
+%e’g"’_“{l +0(c—1)[2g lo—1|+2¢% o —11°]} Ry s _o

1 o 1
+—e 877 ¥ R [—+@(a~r)
4g ST Lk +1

zg e*ng\o'—ri_l
X<? T e )]

Symmetrizing with respect to ¢ and t yields

{xo(T) X2(0) + x6(0) X5(T) D p eq

1 * R
— —glo—zl(q _ X 4 R
de (1+glo—r1|) <k§,1 1 + 1,k:0>

1
+§§e’g'”'f’(1 +glo—1]+ g* IU—TIZ)Rz,k=0

1 glo—1| e kle—ri_1

1 o0
— 7g|67rl§ R
+2ge = 2"<k+1+ A 2k2(k+1)> (249)

Using (2.45), (2.46), and (2.48),

Ri_o=2L (2.50a)
R2’k:0=L2_2L (ZSOb)
and, for k> 1,
B(l+k 14k 3
R, = —2%+!1 _(+_k+_)= Y (k, 5) (2.50c)

4L+ 2K) B+, 1 +k) 4Bl k) Blk, 12
Ry = )k2 _ 2(k ) (k/) (2.50d)
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To do the sums in (2.49), it is useful to define the functions

&

k

s

H(z) B(k,k)z",  Hi(z)=}, Bk, k)

k=1

=

I
L8

ot

Zk

k?

Zk

k+1

x

) Hiy(z)

’

i Bk, k)

=

X

~

I
8 i D18

=

=

—_

(2.51)

T
p
3
I
o
b=
&
o
TS

Y
1
—_

R, i 4kB(1+k,1+k)_n_2_
k(k+1) 2

6

N
I
T8

In Appendix A we perform the sums over k in A4 and in the H,(z).
In terms of the H,(z),

i Ry _H(4) H,4)_=°
i k+1 2 2 4

E Ry Hy4

Yy = 8) 5 63380
Sk 2

872gk|a—r] _ 1

* Uk 1) 2k2(k+1) = S,2(e 2l rl) (2.52)
k=1 2.52
1 [H4(1€—2g1a—r|) H4(4)_H3(4e—2g\o‘71})

+ Hy(4)+ H,(de 1°= ") — H,(4)
— Hy(4e 177" + H,(4)]
So.2(1)=0

Then Eq. (2.49) gives
{xo(1) X5(0) + x0(0) x,(1) >b,eq

3n? 2 H(4
=(2g) te&l " {%‘—7+L2+g lo -1 [%—6+L2+—32(~—)]

+g210—1!2(L2—2L)+SO,2(e‘zg"")} (2.53a)

2<xo(r)xz(r)>=é<§§~7+ﬁ) (2.53b)
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Next we calculate the term (x4(0) x5(7) ). q in Eq. (2.38):

Cole) 3= 3700 [ [T e 1)) L)
(2.54)
Using (2.10),
{xo(0) x5(2) .= —%e glo— r)j; {[rdljo ds e+ s)p—(2xt 1)gt
< (5) zﬁIU dz; ¥ f(z )]}> (2.55)

The integrals above were performed earlier in the paper [see (2.15)ff.] so

1
<XO(O') x2(T)>c,eq = _Zg ge__gla_ﬂ[l +2g@('f—0') }T—O’!]

42 [ (2 (o +3/2)
Xdoﬂ[(fg) rG2) ]
=-Zlge“g'“”'[1+2g@(r—a)[r—a{]liLH—lP’(%)}

(2.56)

where ¥'(3/2) = n?/(2) — 4. Symmetrizing (2.56) gives

{xo(0) x5(1) + x0(7) x2(a)>c,eq

1 3
= —Eeg‘“_1|(1+g|‘c~—0'|)[l,2+l//' <5>] (2.57)

Combining the three terms in Eqgs. (2.38), (2.42), (2.49), and (2.57), we
obtain the equilibrated two-point correlation function to order 62

1

G;q(a,r)=zge glo—rl {2 20L(1+glo—1|)
+5[L2(1+g|0—r|+g2|a—r|2)
+QCL-2)Y1+glo—1|)

#(5-1)+ e @ s+ sua || sy
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where z=e~%1°7%_ When

3 2
g=T1, Sll(l):—%—ﬁ], SOZ(I):O
and
1 2
G;q(aa)z—{1—5L+52<L—+L+lﬁ/ <§ —1>} (2.59)
g 2 2

3. ANALYTIC CONTINUATION IN &

In order to explore the nonlinear regime, one needs to analytically
continue the ¢ series outside its radius of convergence. One effective way of
.doing this is by means of Padé approximants.”” The equal-time correlation
functions are known analytically for all ¢ from (1.12) and for these one can
exactly test the domain of validity of the Padé approximants. For the
unequal-time correlation functions one has to rely on a comparison with
the numerical solution of the Langevin equation.

First consider the equal-time correlation functions. From the time-
independent solution of the Fokker—Planck equation (1.10) we have

_f® o dx x" exp[ —gx®' /(24 2)]

LA 3.1
e =T i exp[ —ex (24 20)] G
Thus the equal-time correlation function, exact to all orders in 6, is
2425\ +9) (3/(2 +26))
i, t)y={——— —_— 2
G2t 0) ( ) (1/(2+29)) (3-2)

The first three terms in the Taylor series in ¢ of Eq. (3.2) are

G,(1, z)=3{1—5L+52[~1+L+1L2+w’ (E>:|+ } (3.3)
g 2 2

where L =1In(2/g)+ ¥(3/2).

This agrees precisely with Eq. (2.59), obtained by solving the Langevin
equation in the J expansion.

Note that Eq. (3.2) has an essential singularity at 6 =1, so the Taylor
series (3.3) has radius of convergence 1.

To analytically continue the approximate result (2.59) to large ¢, we
form the [1, 1] Padé approximant, which agrees with this Taylor series up
to 8%
2L+ (2y(3/2) - L* +2L—-2)6

~ (3.4)
2L+ (29 (3/2)+ L> +2L—2)6

Gglvlj(ta t) =g



Perturbation Expansion for the Langevin Equation 413

One immediate drawback of this Padé approximant is that at small g and
at large g, Eq. (3.4) behaves like 1/g, whereas the exact answer, Eq. (3.2),
behaves like (1/g)/**9. In Section 4 we will show how to remedy this
problem. In Fig. 4 we compare the exact answer at g =1, as a function of
8, with the [1, 1] Padé. We notice the excellent agreement from 6 =0 to
3 =35. (The error at =135 is approximately 6 %, even though this point is
far outside the radius of convergence of the ¢ expansion.)

In Fig. 5 we compare the exact answer for 6 = 1 as a function of g with
the [1,1] Padé. Although the square-root singularity at g=0 is not
correctly obtained, for g > 1/2 the agreement is excellent.

At g =2 the term In(2/g) vanishes. Very near this point the numerator
and denominator of the Padé approximant (3.4) each have zeros. The
failure of these zeros to coincide produces the rapid oscillation near g=2
shown in Fig. 5.

If we had included a linear term in W(x), i.c., a mass term in the quan-
tum mechanics problem, so that W(x)=mx+ gx°*!, then the calculation
of the & expansion would have been almost identical to the preceding one,

g=1

1.0|||lll|llll|llTllllll

08

Gy(th)

06

o ﬂexact

OAJ;III[llllllll[lll|llll

-0 1 2 3 4 5
)

Fig. 4. Comparison, as a function of § at fixed g =1, of the exact equal-time correlation
function given by (3.2) with the [1,1] Padé approximant (3.4), obtained from the §
expansion through order 62
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1+
Gyt

0.5 1

0.5

Fig. 5. Comparison of (3.2) and (3.4) for fixed d =1 as a function of g.

but with g replaced by m+ g as discussed below (2.3). This would have
allowed a weak coupling expansion in g. That is, for m not zero,

_J2. dx x*P(x)

e = [ dx B(x)
where
B(x)=exp [— ("%1%?;:)} (3.5)
The & expansion of P(x) is
B(x)=e¢ (m*&)¥2 {1-%(2@8 In x— gx?) (3.6)

52
g [(4gx*—8gx?)In? x + (8gx> —4g’x*) In x + g7x* —4gx*] + - }

The integrals involved are all straightforward and can be summarized
by

= ) 2 n F 1
J(”)EJ dx xz"e*<m+g)x2/2=< > n+1/2)
0

m+g)  I(1/2) (3.72)

o 1
f dx In xx¥e " =2 J(n) L(n) (3.7b)
0
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where L(n)=y(n+1/2)+In[2/(m+ g)]; and
o 1
[ axin? xxe - tmrrin =2 J(n) Ly(n) (3.7¢)
0

where L,(n)=y'(n+ 1/2)+ L*(n).

To improve the accuracy of the 0 expansion, we again use Padé
approximants. To avoid the kind of oscillation seen in Fig, 5, in this case
at In[2/(m+ g)]=0, we use (3.6) to obtain separate ¢ expansions of the
numerator and denominator of (3.5). We then take the ratio of the [1, 1]
Padé approximants. The result, shown in Fig. 6, is accurate to 15% for all
ge [0, 5] ,

In Appendix B we discuss how well weak and strong coupling expan-
sions work with and without Padé approximants.

Next, let us turn our attention to the unequal-time correlation func-
tion given in Eq. (2.58). To evaluate this, we approximate S,;(z) and Sg,(z)
by summing one million terms (10,000 would be sufficient) in the series
representation for these functions given in Egs. (2.34) and (2.52) and
making a table of values for the interval [0,1]. We then compare the
[1,1] Padé approximant obtained from Eq. (2.58) as well as the naive
result of the order § and order 62 calculation with a numerical simulation
of the Langevin equation (1.2) where the stirring forces obey Gaussian
statistics described by (1.3). For the values g=1 and 6=1 we plot the
results of this comparison in Fig. 7. The two lines for the Langevin simula-
tion reflect one standard deviation about the average taken over a large
number of independent simulations. We notice that at ¢ = 1, which is the

m=3§ =1

Fig. 6. Comparison of the exact result for (x?) from (3.5) for m=06=1 with the
approximate result obtained as a ratio of [1, 1] Padé approximants.
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Fig. 7. Evaluation of the correlation function {x(t)x(0)} for g=3J=1. Langevin denotes
the numerical solution including error bars. Padé denotes the {1, 1] Padé of the § expansion
equation (2.58) up to order 52

radius of convergence of the delta expansion for 7=0, the linear and
quadratic approximations are quite poor, but the [ 1, 1 ] Padé approximant
obtained from the quadratic approximation gives excellent agreement over
the entire range of t plotted. Thus, the analytically continued J§ expansion
is quite accurate after only calculating to order 5%

4. IMPROVING THE ANALYTIC STRUCTURE IN g
BY USING SCALING LAWS

Notice that the expansion (3.3) has an analytic structure in g that is
totally different from the exact expression (3.2). Except at 6 =0, (3.2) has
a branch point at g=20 associated with the power 1/(1+ ). In contrast,
(3.3) has a single pole at g =0 plus logarithmic branch points. The Padé
approximants cannot remedy this. On the other hand, as known from
mean field theory, a self-consistent answer does reproduce the correct
analytic structure at g =0. So we might ask, is there a way of introducing
a new parameter into the theory so as to force the correct analytic structure
at g =07 We do this by exploiting the freedom to make engineering scaling
changes on the units used to measure the variable x. A complete discussion
of this idea will be published elsewhere. Here we will confine ourselves to
the explicit calculation of the equal-time correlation function G,.



Perturbation Expansion for the Langevin Equation 417

To force the series (3.3) in & to have the correct analytic structure in
g, one introduces two new parameters M and b as follows:

§x? exp[ —gM"(x/M)>**°/(2+26)] dx

x*) = [ exp[ —gM®(x/M)***°/(2+26)] dx (4.1)
The exact value of {(x*) is
(24201229 [(3/(2 + 20))
= (GE) T R (2

We notice that when =2+ 28, {x?) is independent of M. (Also note
that g now has different dimensions than before.) Thus,

d{x*>
dM |, _5 425

=0 (4.3)

We realize that if we let x=Ax in Eq. (4.1), then dimensional analysis
implies

(x?y(A%g, M) =12{x*) (g, M) (44)
where the dimension of the parameter M is s and the dimension of g is thus

[from Eq. (4.1)] d, = —sb+ (s —1)(2 4 26). Differentiating with respect to
A and then setting A =1, we obtain

0 0
<SM6M+d g— ><x g, M) = (4.5)

This equation should not depend on the dimension of M. Differentiating
with respect to s, one obtains

[

which implies M 6/0M =0 at b =2+ 24, which is (4.3).
We can write (4.2) as

+(2+25—b)g£§} (x*y(g, M)=0 (4.6)

(x?)=M?(y,d) (4.7)
where the generic structure of f is
f(y, 8) = y"g(3) = "1 7g () (4.8)

and
y=gM? h= —~1/(6 +1) (4.9)
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The scaling condition (4.3) can be written as

L2 () + ybf ' (1) s=2425=0 (4.10)

This equation is an identity if we use the exact equation for f( y) or its
expansion to all orders in 8. However, if we calculate only to order 6%, we
have

fu(p)= Y a,(y)8"/n! (4.11)

and fy(y) is not independent of M.
The scaling condition then leads to the relationship

by(y)=day(y)/dy=0 (4.12)

which allows us to choose a particular M so that (4.3) can be satisfied.
Clearly b, (y) is a polynomial of degree N in In(y). Equation (4.12)
has N real roots, but only the smallest root is related to the N =1 solution.
We denote this root by y¥.
The sequence of y%, for N=1,2,.., 8, is

5.63861, 3.56103, 2.95104, 2.66687,
2.50419, 2.39919, 2.32591, 2.28717,... (4.13)
This sequence of numbers can be fit by

1.8916 + 2.9086/N + 0.839096/N 2 (4.14)

Now, y¥ = gM?". Solving for M as a function of y*(N) and b, we obtain for
the Nth-order improved calculation:

yET"
<x2>N=[ﬂ Fulyd) (4.15)

where fis defined in (4.11).
We notice that if we now set b=2+ 25, we automatically get the
correct analytic behavior as a function of g. The next thing to note is that

[(3/(2+26))
I(1/(2 +26))

is finite as 6 — co. Thus, in trying to extrapolate to large § using Padé
approximants, one should use diagonal Padé approximants which also
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have the property of beging finite as é — co. So the strategy is to calculate
to order 8" and to solve the scaling condition for y%. One then forms the
[N/2, N/2] Padé approximant of this answer. Only at the end does one set
b=26+2.

To order é we have

y¥=sexp[—(ye—3)] (4.16)

where yg is Euler’s constant, yg ~ 0.57....
Inserting this in the expansion of the answer up to order J, one
obtains as the lowest order result

() nor=(20+2){(28) " exp[—(ye—3)1} V"V (4.17)

At 6 =1 this yields
<0.842255>1/2
4

as opposed to the exact answer
(0.675977)1/2
g

As expected, this approximation has the correct analytic behavior in g
and the coeficient is accurate to 10%.
To order 82, we obtain instead

y¥=sexp[4—yg—(12—7%)"] (4.18)

Inserting this value of y* into the [1, 1] Padé approximant of the Taylor
series in & of {(x?), we obtain

exp{[6/(6+1)](yg—4+/12—7?)}[4—2 /12— 7> +5(30— 6 . /12—7=?)]
(2g)YCHUI(J12—r? —1)5+2— /12— 7?]

(4.19)

Again we obtain the correct analytic behavior in g and the ratio of (4.19)
to the exact answer (4.2) is a monotonic function of 6, denoted by R,,
having a value 1 at 6=0 and 1.37779 as § - o0. At 6=1 the ratio is
1.0128..., showing a great improvement over just doing the calculation up
to order é. The ratio of the improved [ 1, 1] Padé as compared to the exact
answer for all ¢ is shown in Fig. 8. As one keeps higher and higher terms
in the § expansion the ratio of the improved Padé approximants to the
exact answer gets better and better.

822/64/1-2-27



420 Bender et al.
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Fig. 8. The ratio R, of the scaling-improved [1, 1] Padé approximant to the exact answer
for {x?), as a function of 4.

In general, in order to obtain the scaling-relation improved
approximation to the answer, we first keep N terms in the § expansion
(where N is even):

N

Pyv=M* 3 a,(y)d" (4.20)

n=0

We next form the [N/2, N/2] Padé approximant for that Taylor
series:

N/2 b 5;1
MPPIND2, NP2 () = M2 Z2ze W & (421

n/=0 Cn(y) 5’1

We then evaluate this at y= y% = gM?>*? to obtain
(X7 = (y%/8)" ) PIN/2, N21(y %) (4.22)

So that we can compare this answer to the exact answer, we form the
ratio

<-x2>N,y;

< (4.23)

RN/2(5) =

We plot in Fig. 9 the ratios R, and R,. By the time we get to R, the
ratio is only 6% high at 6 = co. At 6 =1 we obtain

R,(8 =1)=1.000170696 (4.24)
R4(8 = 1) = 1.0000039263 (4.25)
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Fig. 9. The ratios R, and R; of the scaling-improved [2, 2] and [3, 3] Padé approximants
to the exact answer for {x2), as a function of 4.

Thus, we see that the naive d expansion series, when improved by
using Padé approximants which are evaluated at y*, the value given by the
scaling relation, gives an approximation to the exact answer that has the
exact functional dependence on the coupling constant g and gives a
uniform approximation for all  when N is sufficiently large.

APPENDIX A. SUMMING THE SERIES

Consider
e
If we let
5 8(12) - reo
kil B (k, %) k)-c:l = F,(x) (A2)
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then we can write

s ~Fix)+ Fi(1) = F(x) = FR(L) + F3(1) — F3(x)
1,1= 3

(A3)

Using the integral representation for the beta function, we have

Thus we obtain

I—x\"?
F,(x)=2(arcsin \/})2+4 <——x> arcsin \/;—4
x

: (A5)
F(1)=3-— 2 n
Using
dii [xFy(x)]=x %
and integrating, we obtain
Fy(x)=3— (arcsir)lc\/?-c)2 5 <1 -);x)l/2 arcsin \/;
(A6)

1
F2(1)=3—ZTL'2

Finally,
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so that

1 _ 172
F5(x)=8—4(arcsin ﬁ)z —8 (%) arcsin /x + 4/, (arcsin \/})

where

I(y)= Joy 22 cot(z) dz (A7)

One can ecither use the integral as the definition of /,(y) or rewrite it in
terms of the logarithmic integral functions /i,(y) and Zi5(y),

3
L(y)= —2iy?+y2(in+ln 2) + ipliy(e ~2™) — lis(e ~%™) (A8)

where

We notice that

Si(T=0)=—-7 (A9)

Next consider the sums

Ry * 4Bl +k, 1+k)
de _ oy PBULKIAEH (A10)
Elkﬂ ,El k(k+ 1)
Using B(1+k, 1 +k)=[5dr (1 —1)¥, we obtain
1
Azzj dr (1 —x)—1—x~ " In(1—x)] (Al1)
0

where x =4i(1 —1). After two subsequent changes of variables, t=sin’ @,
and then y =cos 20, we obtain

1
A= —2_4j0 dyIn yy?(1 — y*)~! (A12)

Expanding the denominator, integrating term by term, and summing, we
obtain

2

3 b
A:~2—4[1—ZC(2)}=7—6 (A13)
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Next we need the functions

0 0 xk
Hy(x)= ), B(k, k)x*, Hi(x)= ), Bik, k) 7
k=1 k=1
o Xk [ee} Xk
Hy(x)= ), Bk k) . Hyx)= ) Blkk)z  (Ald4)
k=1 k+1 k=1 k
o0 xk
Hyx)= ¥, Bk, k)5
k=1
Using the integral representation for B(k, k), we have that
12 2 1 2
Hix)= =2 | dy(y=p) 'll-x=)0]  (A15)
Changing variables via
2
R T
y=y 4
we obtain
1 72
H,(x)= —4j dz 2z '(1—22)"1n (1 —x—>
0 4
1 2
=[n—2 arccos (E ﬁ)J (A16)
H(4)=n’
Using
d
X Hl(x):H(x)
dx
we obtain
x \'? 1
Ho(x)=<4_x> [2n—4arccos (5 \/}ﬂ (A17)
From

<L Do (x)] = Holx)
X
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we obtain, after integrating,

2

1
H2(x).—_Z—kgn——27t(4—x)l/2)c‘1/2+4(4—x)‘/2x‘1/2 arccos <§\/;)
X
16 /2 . —1/2 1
+— arctan[ (4 — x)"? x ~'/*] arccos 5\/;
X \
8 2 12 . —1/2
—{—Jarctan“[(4 —x)7"" x~ 7] (A18)
X

- <§T—Z> arctan[ (4 — x)"? x~'2]
X

Hy(4)=5+2

For H,(x) we have

SO

H3(x)=rﬂ[n~2arccos (% \/;ﬂz (A19)

oy

This cannot be evaluated in terms of special functions and must be
evaluated numerically. Similarly,

a0 =] L) (A20)

APPENDIX B. COMPARISON WITH OTHER EXPANSIONS

It is instructive to compare the calculation with three terms in the &
expansion to the calculation using many terms in the weak and strong
coupling expansions. The simplest place to make the comparison is for the
equal-time correlation functions because we can obtain these expansions
directly from the integral (1.12),

2 §°_°oo dx x213(x) - — mx? gx2(1+5)
e e Bl = Bl
<X >eq jofoo dx F(x) B P(X) cXp 3 + 31735 ( )
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Fig. 10. Comparison of the first five terms in the weak coupling expansion (B.3) to the exact
evaluation of (x?> in (3.5), for m=4=1.

The weak coupling expansion for this is obtained by using the
Gaussian part as the measure and expanding in powers of g about that.

That is, we write
n x2n(1 +d)

P(x)=e "2 Z [2+25J = (B2)

Performing the integrals, we obtain

2._280[~—g/(2+25)]" I'(n+on+ 3/2)(2/m)"+5”/n!
mY2[—g/(2+28)]" I(n+dn+1/2)(2/m)"**/n!

(x*) = (B3)

The weak coupling expansion is then obtained by reexpanding this
expression as a power series in g starting with g% The weak coupling
expansion is of course an asymptotic series.

The result of keeping five terms in the weak coupling expansion is
compared in Fig. 10 with the exact numerical evaluation of (3.5). We notice
that the weak coupling expansion breaks down at very small values of g.
Taking a Padé approximant does not improve this result, as the
denominators have poles at small values of g preventing an effective
analytic continuation to large g.

For the integral (3.5) one can also perform a strong coupling expan-
sion by treating the Gaussian part as a perturbation. That is, we write

_gx2+23] o] (_mx2/2)n

(B4)

p(x)ze"p[ 2426 l

=0
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m=3=1
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1.2 1 [5,5] Pade of strong coupling
<X2> 1
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02 T

Fig. 11. The [5, 5] Padé approximant of the strong coupling expansion (B.5) compared to
the exact evaluation of {x2) in (3.5), for m=45=1.

Performing the integrals, we now obtain

2428\ V09
g

wmo(—m?/2)" [(2+26)/g 1" % I'((2n + 3)/(2 + 26))/n!

n=0

rmol —m?/2)" [(2+26)/g]""+% I((2n + 1)/(2 + 26))/n!

(BS)

Reexpanding this in terms of powers of (1/g)Y"+% one obtains the
strong coupling expansion. This expansion is convergenr. Padé
approximants to the strong coupling expansion are a very accurate
representation of the answer except for quite small g, as seen in Fig. 11.
Unlike the weak coupling expansion and the & expansion, the strong
coupling expansion exists only for zero-dimensional field theory (ordinary
integrals as opposed to functional integrals). For dimensions greater than
zero the strong coupling expansion must be regulated, for example, by
introducing a lattice, because it is a singular perturbation theory in
derivative terms. Thus, in higher dimensions the strong coupling expansion
introduces a new parameter (the cutoff or lattice spacing) into the theory,
which is present even after mass and coupling constant renormalizations.®
In particular, a strong coupling expansion for the correlation functions
(1.7) does not exist in the continuum. The lattice-regulated strong coupling
expansion for the path integral (1.7) is discussed in ref. 6. On the other
hand, the & expansion, after being analytically continued using Padé
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approximants, works uniformly in both weak and strong coupling regimes
and does not require the introduction of a lattice regulator in higher
dimensions.
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